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1. Introduction
In this paper, we derive a local, metric version of the metric-uniform result in [6, p. 202,
Lemma 36]. To begin with, we rephrase that result by using the terminology of the consequent
result in [14, p. 505, Theorem 2.1].
Let X and Y be topological spaces, let F :X → Y be a multifunction, and recall F is said to be
open if for every open set U ⊆ X the set F(U) ⊆ Y is open. This global notion can be analyzed
through a pointwise notion. The multifunction F is said to be open at a point (x, y) ∈ graph(F )
if for every neighborhood U of x the set F(U) is a neighborhood of y. Obviously, F is open if
and only if it is open at every point of its graph. Now, the multifunction F is said to be nearly
open at the point (x, y) if for every neighborhood U of x the set F(U) is a neighborhood of y.
Here, S stands for the closure of the set S. This pointwise notion can be used to synthesize a
global notion. The multifunction F is said to be nearly open if it is nearly open at every point of
its graph. Obviously, F is nearly open if and only if for every open set U ⊆ X the set F(U) ⊆ Y
is a neighborhood of F(U).
Further openness and near openness notions can be devised in pairs, every openness implies
the corresponding near openness, and moreover, the converse implication holds under appropri-
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every neighborhood U of x there exist a neighborhood U ′ of x and a neighborhood V of y such
that
V ∩ F(U ′) ⊆ F(U). (1)
In this paper we define such pairs in the general setting of uniform spaces, and we prove the
corresponding converse implications in the particular setting of metric spaces. In the uniform
setting, if E is an entourage on a uniform space and p is a point of the uniform space, then E[p]
stands for the set of all points p′ such that (p,p′) ∈ E.
Let X and Y be uniform spaces. In this case, openness of F at (x, y) means that for every
entourage U on X there exists an entourage V on Y such that
V [y] ⊆ F (U [x]), (2)
whereas near openness of F at (x, y) means that for every entourage U on X there exists an
entourage V on Y such that
V [y] ⊆ F (U [x]). (3)
Now, F is said to be uniformly open if for every entourage U on X there exists an entourage
V on Y such that for every (x, y) ∈ graph(F ) there holds inclusion (2), whereas F is said to be
uniformly nearly open if for every entourage U on X there exists an entourage V on Y such that
for every (x, y) ∈ graph(F ) there holds inclusion (3).
Uniform openness implies uniform near openness, and moreover, uniform near openness im-
plies uniform openness provided that for every entourage U on X there exists an entourage U ′
on X such that
F
(
U ′[x])⊆ F (U [x]) (4)
for every x ∈ domain(F ). The uniform Kelley inclusion (4) can be derived by using uniform
near openness of F and closedness of the graph of F . Consider the nonreflexive relation U ′ U
defined by the fact that there exists U ′′ such that U ′′ ◦U ′ ⊆ U .
Theorem 1. Let X and Y be uniform spaces, let the uniformity for X have a countable base, let
the uniform space X be complete, and let the multifunction F have a closed graph. Assume that
F is uniformly nearly open. Then for every x ∈ domain(F ), for every entourage U on X, and for
every entourage U ′ U there holds inclusion (4). Consequently F is uniformly open.
This purely uniform statement is equivalent (cf. [6, p. 201]) to the metric-uniform hybrid
statement of the result in [6, p. 202, Lemma 36]. That result assumes in a nonlinear setting an
intermediate conclusion derived, in [2, p. 39], in a linear setting:
Il est ainsi établi que l’ensemble dérivé de l’image de la sphère ouverte |x| < ¯ contient une
sphère ouverte |y| < η¯.
The conclusion of Theorem 1 may fail if the uniformity for X does not have any countable
base, i.e. the uniform space X is not metrizable. A counterexample to a number of attractive
conjectures has been constructed in [6, Note, p. 214]. Next, we rephrase the uniform Theorem 1
in the setting of metric spaces. In the metric setting, if c is a point of a metric space and r > 0,
then B(c, r) stands for the open ball of center c and radius r .
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there exists δ > 0 such that
B(y, δ) ⊆ F (B(x, )), (5)
whereas near openness of F at (x, y) means that for every  > 0 there exists δ > 0 such that
B(y, δ) ⊆ F (B(x, )). (6)
Further, uniform openness of F means that for every  > 0 there exists δ > 0 such that for every
(x, y) ∈ graph(F ) there holds inclusion (5), whereas uniform near openness of F means that for
every  > 0 there exists δ > 0 such that for every (x, y) ∈ graph(F ) there holds inclusion (6).
Finally, uniform near openness of F implies uniform openness of F provided that for every  > 0
there exists ′ > 0 such that
F
(
B(x, ′)
)⊆ F (B(x, )) (7)
for every x ∈ domain(F ). Note that, if U [x] = B(x, ) for all x ∈ X, if U ′[x] = B(x, ′) for all
x ∈ X, and if ′ ∈ (0, ), then U ′ U , hence the uniform result above provides the metric result
below.
Theorem 2. Let X and Y be metric spaces, let the metric space X be complete, and let the
multifunction F have a closed graph. Assume that F is uniformly nearly open. Then for every
x ∈ domain(F ), for every  > 0, and for every ′ ∈ (0, ) there holds inclusion (7). Consequently
F is uniformly open.
The main results, including a slight extension of Theorem 2, are stated in Section 2 and
proved in Section 3. An application is presented in Section 4. Some counterexamples are given
in Section 5. Relation with earlier work is discussed in Section 6. Section 7 contains some com-
plementary results.
2. Main results
Throughout this paper (cf. [1, p. 37, Definition 2.1]), if X and Y are topological spaces, the
multifunction F is said to be open on a set S ⊆ graph(F ) if it is open at every point of S,
whereas F is said to be nearly open on the set S if it is nearly open at every point of S. If X and
Y are uniform spaces, the multifunction F is said to be uniformly open on the set S if for every
entourage U on X there exists an entourage V on Y such that for every (x, y) ∈ S there holds
inclusion (2), whereas F is said to be uniformly nearly open on the set S if for every entourage
U on X there exists an entourage V on Y such that for every (x, y) ∈ S there holds inclusion (3).
In case that S = graph(F ), these definitions agree with the definitions in the introduction. By
convention, F is both uniformly open and uniformly nearly open on the empty set.
Now, we are in a position to state a slight generalization of Theorem 2. Under a weaker
hypothesis, inclusion (7) does hold, not only for every x ∈ domain(F ), but also for every x ∈ X.
Theorem 3. Let X and Y be metric spaces, let the metric space X be complete, and let the
multifunction F have a closed graph. Assume that F is uniformly nearly open on every bounded
subset of its graph. Then for every x ∈ X, for every  > 0, and for every ′ ∈ (0, ) there holds
inclusion (7). Consequently, if F is uniformly nearly open on a subset, whether bounded or not,
of its graph, then F is uniformly open on that subset.
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bounded subset of its graph, and concludes that F is uniformly open on every bounded subset
of its graph. The local version of this statement concerns local uniform near openness of F and
local uniform openness of F , two notions which are patterned upon the common notion of local
closedness of the graph of F .
Recall the set graph(F ) is said to be locally closed if for every (x, y) ∈ graph(F ) there exists
a neighborhood W of (x, y) such that the set W ∩ graph(F ) is closed. Analogously, the mul-
tifunction F is said to be locally uniformly open if for every (x, y) ∈ graph(F ) there exists a
neighborhood W of (x, y) such that F is uniformly open on the set W ∩ graph(F ), whereas the
multifunction F is said to be locally uniformly nearly open if for every (x, y) ∈ graph(F ) there
exists a neighborhood W of (x, y) such that F is uniformly nearly open on the set W ∩graph(F ).
Theorem 4. Let X and Y be metric spaces, let the metric space X be complete, and let the
multifunction F have a locally closed graph. Assume that F is locally uniformly nearly open.
Then F is locally uniformly open.
Both the local Theorem 4 and the bounded qualitative part of Theorem 3 are particular cases
of a general result which involves some items C, UO, and UNO describing closedness of the
graph of F , uniform openness of F , and uniform near openness of F .
Closedness of the graph of F around a point (x, y) ∈ X×Y is described through the inclusions(
B(x, )×B(y, δ))∩ graph(F ) ⊆ graph(F ). (8)
Denote by C(x, y) the set of all (, δ) with  > 0 and δ > 0 which render true the closedness
inclusion (8), and observe that: if F has a closed graph, then C(x, y) equals (0,+∞)× (0,+∞)
for every (x, y) ∈ X × Y ; if C(x, y) equals (0,+∞) × (0,+∞) for some (x, y) ∈ X × Y , then
F has a closed graph; F has a locally closed graph if and only if C(x, y) is nonempty for every
(x, y) ∈ graph(F ). The latter assertion is a consequence of the fact that graph(F ) is locally
closed if and only if for every (x, y) ∈ graph(F ) there exists a neighborhood W of (x, y) such
that W ∩ graph(F ) ⊆ graph(F ).
Uniform openness and uniform near openness of F around a point (x, y) ∈ X×Y is described
by means of some sets(
B(x, ′)×B(y, δ′))∩ graph(F ). (9)
Denote by UO(x, y) the set of all (, δ) ∈ graph(F ) with  > 0 and δ > 0 such that for every ′ ∈
(0, ) and for every δ′ ∈ (0, δ) the multifunction F is uniformly open on set (9), and observe that:
if F is uniformly open on every bounded subset of its graph, then UO(x, y) equals (0,+∞) ×
(0,+∞) for every (x, y) ∈ X × Y ; if UO(x, y) equals (0,+∞) × (0,+∞) for some (x, y) ∈
X × Y , then F is uniformly open on every bounded subset of its graph; F is locally uniformly
open if and only if UO(x, y) is nonempty for every (x, y) ∈ graph(F ).
Denote by UNO(x, y) the set of all (, δ) with  > 0 and δ > 0 such that for every ′ ∈ (0, )
and for every δ′ ∈ (0, δ) the multifunction F is uniformly nearly open on set (9), and observe
that: if F is uniformly nearly open on every bounded subset of its graph, then UNO(x, y) equals
(0,+∞) × (0,+∞) for every (x, y) ∈ X × Y ; if UNO(x, y) equals (0,+∞) × (0,+∞) for
some (x, y) ∈ X × Y , then F is uniformly nearly open on every bounded subset of its graph;
F is locally uniformly nearly open if and only if UNO(x, y) is nonempty for every (x, y) ∈
graph(F ).
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UO(x, y) ⊆ UNO(x, y)
by establishing the equality
C(x, y)∩ UO(x, y) = C(x, y) ∩ UNO(x, y). (10)
Theorem 5. Let X and Y be metric spaces, and let the metric space X be complete. Then for
every (x, y) ∈ X × Y there holds equality (10).
Both the bounded qualitative part of Theorem 3 and the local Theorem 4 follow from The-
orem 5: if C(x, y) and UNO(x, y) equal (0,+∞) × (0,+∞), so does UO(x, y); if C(x, y)
and UNO(x, y) are nonempty, so does UO(x, y). The latter conditional statement is justified
by the fact that, if A stands for any of the acronyms C, UO, or UNO, then the family of
A-relations (, δ) ∈A(x, y) enjoys some advantageous properties. Namely, if (, δ) ∈A(x, y),
then (η, ζ ) ∈A(u, v) whenever B(u,η) ⊆ B(x, ) and B(v, ζ ) ⊆ B(y, δ). This property resem-
bles the characteristic property of the complete systems considered in [3, p. 40, Definition 1] (see
also [7, p. 94, Definition 2]). In particular, if (, δ) ∈ A(x, y), then (η, ζ ) ∈ A(x, y) whenever
η ∈ (0, ] and ζ ∈ (0, δ]. This property resembles the characteristic property of the normal sub-
sets of R2 (see [5, p. 596]). Note the intersection of two nonempty normal subsets is nonempty
too.
The proof of Theorem 5 depends on a result providing a sufficient condition under which
uniform near openness on a set implies uniform openness on that set. Let S ⊆ graph(F ) and
consider the relations:⋂
(x,y)∈S
C(x, y) 	= ∅, (11)
⋂
(x,y)∈S
UNO(x, y) 	= ∅. (12)
Theorem 6. Let X and Y be metric spaces, let the metric space X be complete, and let there
be satisfied relations (11) and (12). Assume that F is uniformly nearly open on S. Then F is
uniformly open on S.
The qualitative part of Theorem 3 follows from Theorem 6: if F has a closed graph and
F is uniformly nearly open on the bounded subsets of its graph, then both left-hand sides of
relations (11) and (12) equal (0,+∞)× (0,+∞) for every S ⊆ graph(F ).
The proof of Theorem 6 depends on a result which concerns the inclusion
B(y, δ) ∩ F (B(x, ′))⊆ F (B(x, )), (13)
a metric version of the topological inclusion (1) as well as a local version of the metric Kelley
inclusion (7). Denote by LK(x, y) the set of all (, δ) with  > 0 and δ > 0 such that for every
′ ∈ (0, ) there holds inclusion (13). The next result establishes the inclusion
C(x, y)∩ UNO(x, y) ⊆ LK(x, y). (14)
Theorem 7. Let X and Y be metric spaces, and let the metric space X be complete. Then for
every (x, y) ∈ X × Y there holds inclusion (14).
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(0,+∞) × (0,+∞), so does LK(x, y), hence inclusion (13) holds for every δ > 0, and inclu-
sion (7) is established.
3. Proof of main results
The critical fact needed for the proof of Theorem 7 is the following lemma (cf. [6, p. 203,
Proof, 1st par]).
Lemma 1. Let X and Y be uniform spaces, let A ⊆ X and B ⊆ Y , and let F be uniformly nearly
open on (A×B)∩ graph(F ). If B is open, then B ∩F(A) ⊆⋃x∈A F(U [x]) for every entourage
U on X.
Proof. Let B be open, let U be an entourage on X, and let b ∈ B ∩ F(A). We have to show
that b ∈ F(U [x]) for some x ∈ A. By hypothesis, there exists an entourage V on Y such that for
every (x, y) ∈ (A × B) ∩ graph(F ) there holds inclusion (3). We can suppose, taking a smaller
V if necessary, that V is symmetric and that V [b] ⊆ B . Since V [b] ∩ F(A) 	= ∅, it follows there
exist x ∈ A and y ∈ V [b] such that y ∈ F(x). Clearly (x, y) ∈ (A × B) ∩ graph(F ), hence there
holds inclusion (3). Finally, b ∈ V [y], and the proof is accomplished. 
Proof of Theorem 7. Let (x, y) ∈ X × Y , let (, δ) ∈ C(x, y) ∩ UNO(x, y), let ′ ∈ (0, ), and
let v ∈ B(y, δ) ∩ F(B(x, ′)). We must show that v ∈ F(B(x, )).
Let δ′ ∈ (0, δ) such that still v ∈ B(y, δ′). Let ′0 = ′, and for every n 1 let ′n ∈ (′n−1, ).
Since (, δ) ∈ UNO(x, y), it follows F is uniformly nearly open on (B(x, ′n) × B(y, δ′)) ∩
graph(F ) for every n  0. Let r0 = ′, and for every n  1 let rn = ′n − ′n−1. Then∑
0in ri = ′n for every n 0.
Now, let u0 = x, and note v ∈ F(B(u0, r0)) and B(u0, r0) ⊆ B(x, ′0). Further, note that,
if n  1, if v ∈ F(B(un−1, rn−1)), and if B(un−1, rn−1) ⊆ B(x, ′n−1), then F is uniformly
nearly open on (B(un−1, rn−1) × B(y, δ′)) ∩ graph(F ). According to Lemma 1, there exists
un ∈ B(un−1, rn−1) such that v ∈ F(B(un, rn)). Obviously, B(un, rn) ⊆ B(x, ′n).
The inductive procedure above provides a sequence un, which converges to a point u ∈ X,
for the metric space X is complete. Obviously, d(u0, u)
∑
n1 d(un−1, un) <
∑
n1 rn−1  ,
hence u ∈ B(x, ).
We shall show that v ∈ F(u). Indeed, if V is a neighborhood of v and U is a neighborhood
of u, then there exists n such that B(un, rn) ⊆ U , hence v ∈ F(B(un, rn)) ⊆ F(U). Then V ∩
F(U) 	= ∅, so (u, v) ∈ graph(F ). Since (, δ) ∈ C(x, y), it follows (u, v) ∈ graph(F ), therefore
v ∈ F(u) ⊆ F(B(x, )). 
Proof of Theorem 6. Let  > 0. We must show that there exists δ > 0 such that inclusion (5)
holds for all (x, y) ∈ S. According to relations (11) and (12), there exist ∗ > 0 and δ∗ > 0 such
that (∗, δ∗) ∈ C(x, y) ∩ UNO(x, y) for all (x, y) ∈ S. We can suppose, taking a smaller ∗ if
necessary, that ∗  . By hypothesis, there exists δ > 0 such that B(y, δ) ⊆ F(B(x, ∗/2)) for
all (x, y) ∈ S. We can suppose, taking a smaller δ if necessary, that δ  δ∗. Now, let (x, y) ∈ S.
Since (∗, δ) ∈ C(x, y) ∩ UNO(x, y), it follows from Theorem 7 that (∗, δ) ∈ LK(x, y), hence
B(y, δ)∩ F(B(x, ∗/2)) ⊆ F(B(x, ∗)), and inclusion (5) follows. 
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and δ′ ∈ (0, δ). We must show that F is uniformly open on set (9). Denote that set by S and let
(u, v) ∈ S. Since B(u,  − ′) ⊆ B(x, ) and B(v, δ − δ′) ⊆ B(y, δ), it follows from the char-
acteristic property of complete systems that ( − ′, δ − δ′) ∈ C(u, v) ∩ UNO(u, v), hence both
relations (11) and (12) are satisfied. Since F is uniformly nearly open on S, it follows from
Theorem 6 that F is uniformly open on S. 
4. An application
Let Ω ∈ (0,+∞] be an extended real number, let ω : (0,Ω) → R be a positive, nondecreasing
function, and consider the openness inclusion
B
(
y,ω()
)⊆ F (B(x, )) (15)
as well as the near openness inclusion
B
(
y,ω()
)⊆ F (B(x, )). (16)
Further, assume that
lim
′↑
ω(′) = ω() (17)
for every  ∈ (0,Ω), and recall a result in [14, p. 505, (2,1) Theorem].
Theorem 8. Let X and Y be metric spaces, let the metric space X be complete, and let the
multifunction F have a closed graph. Assume that for every (x, y) ∈ graph(F ) and for every
 ∈ (0,Ω) there holds inclusion (16). Then for every (x, y) ∈ graph(F ) and for every  ∈ (0,Ω)
there holds inclusion (15).
Our aim is to state and prove a local version of the global Theorem 8. In the global case,
we assume that all (x, y)-inclusions (16) hold for every  in the same interval (0,Ω), and we
conclude that so do all (x, y)-inclusions (15). In the local case, we will assume that each (x, y)-
inclusion (16) holds for every  in an interval (0,Ω(x, y)), and we will conclude that so does
each (x, y)-inclusion (15). Denote by Ω(x,y) the supremum of all  > 0 such that(
B(x, ) ×B(y,ω()))∩ graph(F ) ⊆ graph(F ) (18)
(by convention, sup∅ = 0), and observe that: if F has a closed graph, then Ω(x,y) = Ω for
every (x, y) ∈ graph(F ); if Ω(x,y) > 0 for every (x, y) ∈ graph(F ), then F has a locally closed
graph. Further, assume that
lim
↓0 ω() = 0, (19)
and note that F has a locally closed graph if and only if Ω(x,y) > 0 for every (x, y) ∈ graph(F ).
Theorem 9. Let X and Y be metric spaces, let the metric space X be complete, and let the
multifunction F have a locally closed graph. Assume that for every (x, y) ∈ graph(F ) and for
every  ∈ (0,Ω(x, y)) there holds inclusion (16). Then for every (x, y) ∈ graph(F ) and for every
 ∈ (0,Ω(x, y)) there holds inclusion (15).
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(η,ω(η)) ∈ C(x, y), and since ω(η)  ω(), it follows (,ω()) ∈ C(x, y). Further, we show
that (,ω()) ∈ UNO(x, y). Let ′ ∈ (0, ) and δ′ ∈ (0,ω()), consider the system
{
Γ   − ′,
ω(Γ ) ω()− δ′,
and observe it has at least a solution Γ because of equality (19). We assert that Γ Ω(u,v) for
every point (u, v) of set (9). Indeed, B(u,Γ ) ⊆ B(x, ) and B(v,ω(Γ )) ⊆ B(y,ω()), hence
(Γ,ω(Γ )) ∈ C(u, v), and our assertion is justified. By hypothesis, B(v,ω(γ )) ⊆ F(B(u,γ )) for
every γ ∈ (0,Ω(u, v)), so F is uniformly nearly open on set (9), and (,ω()) ∈ UNO(x, y).
According to Theorem 7, (,ω()) ∈ LK(x, y), therefore
B
(
y,ω()
)∩ F (B(x, ′))⊆ F (B(x, ))
for every ′ ∈ (0, ). By hypothesis, B(y,ω(′)) ⊆ F(B(x, ′)) for every ′ ∈ (0,Ω(x, y)),
hence B(y,ω(′)) ⊆ F(B(x, )) for every ′ ∈ (0, ), and inclusion (15) follows from equal-
ity (17). 
5. Counterexamples
A first counterexample concerns Theorems 2 and 3. It shows that, if F is uniformly open on
the bounded subsets of its graph, then F is not necessarily uniformly open. Let F :R → R given
by x ∈ R → {arctan(x)} ⊆ R. Then F is open, hence uniformly open on the bounded subsets of
its graph (see also Theorem 12 in Section 7). If F were uniformly open, then range(F ) would
equal R. But range(F ) = (−π/2,+π/2), hence F is not uniformly open.
A second counterexample concerns the item UO. If the multifunction F is uniformly open on
the set
(
B(x, ) ×B(y, δ))∩ graph(F ), (20)
then (, δ) ∈ UO(x, y). The counterexample shows that the converse may fail. A third coun-
terexample shows that, in the setting of Theorem 9, inclusion (15) may fail for any (x, y) ∈
graph(F ) and for any  > Ω(x,y). The two counterexamples are based on the same multifunc-
tion F :R → R given by x ∈ B(0,1) → {x} ⊆ R. Note that F(B(x, )) = B(0,1) ∩ B(x, ),
so the following three conditions are equivalent: B(x, δ) ⊆ F(B(x, )); B(x, δ) ⊆ F(B(x, ));
δ min{1 − |x|, }.
Now, if ω() =  for every  > 0, then Ω(x,y) = 1 − |x| for every (x, y) ∈ graph(F ), and
inclusion (15) fails for every  > Ω(x,y). Further, if (x, y) = (0,0) and (, δ) = (1,1), then F
is uniformly open on set (9) for every ′ ∈ (0, ) and for every δ′ ∈ (0, δ), but F is not uniformly
open on set (20). Note parenthetically that (, δ) ∈ C(x, y).
A fourth counterexample shows that, if relation (12) does not hold, then the conclusion of
Theorem 6 may fail. Let Q be the set of rational numbers, and consider the real Banach space
l2(Q), which may be identified with the familiar sequence space l2(N). Further, let κ :Q →
l2(Q) be the Kronecker function, that is,
κ(q)(p) =
{
1 if p = q,
0 if p 	= q,
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consists of the closed “head” S = {(r · κ(1), r): r ∈ R, r  0} and the discrete “tail” T =
{(q · κ(q), q): q ∈ Q, q < 0}. Now, let r  0 and ρ > 0, and observe that
F
(
B
(
r · κ(1), ρ))=
{
(r − ρ, r + ρ) if ρ  r,
((−√ρ2 − r2,0)∩Q)∪ [0, r + ρ) if ρ > r,
hence (r − ρ, r + ρ) ⊆ F(B(r · κ(1), ρ)), F is uniformly nearly open on the set S, but F is not
open at the point (0,0). The reason is that F is neither open nor nearly open at any point of T ,
hence UNO(0,0) = ∅.
A fifth counterexample concerns relation (12). Relation (11) states there exist  > 0 and δ > 0
such that inclusion (8) holds for all (x, y) ∈ S; equivalently,
⋃
(x,y)∈S
(
B(x, )×B(y, δ))∩ graph(F ) ⊆ graph(F ).
If there exist ′ > 0 and δ′ > 0 such that F is uniformly nearly open on
⋃
(x,y)∈S
(
B(x, ′)×B(y, δ′))∩ graph(F ), (21)
then relation (12) holds. The counterexample shows that the converse may fail even F is uni-
formly open on S. Consider the space R3 endowed with the l∞ norm,∥∥(x1, x2, x3)∥∥= max{|x1|, |x2|, |x3|},
and consider the multifunction F :R3 → R given by
(x1, x2, x3) ∈ R3 →
{
x1
1 + |x2 · x3|
}
⊆ R.
The multifunction F has a closed graph, hence left-hand side of relation (11) equals (0,+∞) ×
(0,+∞). Since
F
(
B(x, )
)⊇ F (B(x1, )× {x2} × {x3})= B
(
y,

1 + |x2 · x3|
)
for every (x, y) ∈ graph(F ), it follows F is open, hence F is uniformly open on the bounded
subsets of its graph (see Theorem 12 in Section 7), and also the left-hand side of relation (12)
equals (0,+∞)× (0,+∞). Moreover, F is uniformly open on the set {(x, y) ∈ R4: x2 · x3 = 0,
y = x1}. Further, let S = {(x, y): x1 = x2 = 0, x3  0, y = 0}, and let ′ > 0 and δ′ > 0. We
shall show that F is not uniformly open on set (21). This means that there exists r > 0 such that
for every q > 0 there exists a point (u, v) of set (21) such that B(v, q) F(B(u, r)). Indeed, let
r = ′/4 and let q > 0. Finally, let u1 = 0, u2 = 2r , u3  2r , and v = 0, and note the point (u, v)
belongs to set (21), namely (u, v) belongs to set (9) where x1 = 0, x2 = 0, x3 = u3, and y = 0.
Since
F
(
B(u, r)
)⊆ B
(
0,
r
1 + r · (u3 − r)
)
,
it follows that F(B(u, r)) ⊂ B(0, q) for sufficiently large u3, hence B(v, q) F(B(u, r)).
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In [9, p. 541], a subset S of a topological space is said to be nearly open if S is a neighborhood
of S. In view of this definition, near openness of a multifunction may be rephrased as follows: the
multifunction F is said to be nearly open if for every open subset U ⊆ X the subset F(U) ⊆ Y
is nearly open (see [8, p. 160, 2nd par, (ii)]).
In case of a multifunction, the phrase near openness is used in [12, p. 47] and [13, p. 525],
whereas the synonymic phrase almost openness is used in [11, pp. 329, 361] and [14, p. 505].
In view of the fifth counterexample in Section 5, Theorem 6 improves a result in [1, p. 41,
Corollary 2.3], where F has a closed graph and where uniform openness of F on S is derived
from uniform near openness of F on set (21).
To compare Theorems 2 and 7 with similar results, we rephrase the notions of openness and
near openness through the moduli of openness and near openness of the multifunction F at points
(x, y) ∈ graph(F ). The two moduli are denoted by Δ(x,y) and Δ(x,y), respectively.
For every  > 0 the extended real number Δ(x,y)() equals the supremum of all δ > 0 which
render true inclusion (5), whereas the extended real number Δ(x,y)() equals the supremum of
all δ > 0 which render true inclusion (6). By convention, sup∅ = 0. Both Δ(x,y) and Δ(x,y) are
nondecreasing, real extended functions. The two moduli are just the greatest rates of lower semi-
continuity and almost lower semi-continuity of the multifunction F−, the inverse of F , at the
point (y, x) (see [4, p. 12]).
Clearly, F is open at (x, y) if and only if 0 < Δ(x,y)() for every  > 0, whereas F is nearly
open at (x, y) if and only if 0 <Δ(x,y)() for every  > 0. Similarly, F is uniformly open if and
only if
0 < inf
(x,y)∈graph(F )Δ(x,y)()
for every  > 0, whereas F is uniformly nearly open if and only if
0 < inf
(x,y)∈graph(F )Δ(x,y)()
for every  > 0. Now, if x ∈ domain(F ),  > 0, and inclusion (7) holds for every ′ ∈ (0, ), then
lim
′↑
Δ(x,y)(
′)Δ(x,y)()
for every y ∈ F(x). This inequality improves the conclusion of Theorem 2.1 in [14, p. 505],
where it is implicitly proved only the weaker inequality
lim
′↑
inf
(u,v)∈graph(F )Δ(u,v)(
′) inf
(u,v)∈graph(F )Δ(u,v)().
Under the hypotheses of Theorem 2, it results the interesting fact that
Δ(x,y)() = Δ(x,y)()
for every point (x, y) ∈ graph(F ) and for every point  ∈ (0,+∞) at which the nondecreasing,
extended real function Δ(x,y) is continuous from the left.
Further, F is uniformly open on a set S if and only if
0 < inf
(x,y)∈S Δ(x,y)()
for every  > 0, whereas F is uniformly nearly open on the set S if and only if
0 < inf Δ(x,y)()(x,y)∈S
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min
{
δ, lim
′↑
Δ(x,y)(
′)
}
Δ(x,y)().
This inequality improves the conclusion of Corollary 3.4 in [4, p. 16], an elaborate consequence
of Theorem 3.2 in [4, p. 15], a refinement of the induction Theorem 1.1 in [14, p. 505]. That
conclusion states only the weaker inequality
min
{
δ, lim
′↑
inf
(u,v)∈S Δ(u,v)(
′)
}
 inf
(u,v)∈S Δ(u,v)(),
where S stands for set (20).
7. Complementary results
A first complementary result adds to Theorem 7 by establishing the inclusion
UO(x, y) ⊆ LK(x, y) (22)
without any use of X completeness.
Theorem 10. Let X and Y be metric spaces. Then for every (x, y) ∈ X × Y there holds inclu-
sion (22).
The fact needed for the proof of Theorem 10 is an analogue of Lemma 1.
Lemma 2. Let X and Y be uniform spaces, let A ⊆ X and B ⊆ Y , and let F be uniformly open
on (A × B) ∩ graph(F ). If B is open, then B ∩ F(A) ⊆⋃x∈A F(U [x]) for every entourage U
on X.
Proof. Let B be open, let U be an entourage on X, and let b ∈ B ∩ F(A). We have to show
that b ∈ F(U [x]) for some x ∈ A. By hypothesis, there exists an entourage V on Y such that for
every (x, y) ∈ (A × B) ∩ graph(F ) there holds inclusion (2). We can suppose, taking a smaller
V if necessary, that V is symmetric and that V [b] ⊆ B . Since V [b] ∩ F(A) 	= ∅, it follows there
exist x ∈ A and y ∈ V [b] such that y ∈ F(x). Clearly (x, y) ∈ (A × B) ∩ graph(F ), hence there
holds inclusion (2). Finally, b ∈ V [y], and the proof is accomplished. 
Proof of Theorem 10. Let (x, y) ∈ X × Y , let (, δ) ∈ UO(x, y), let ′ ∈ (0, ), and let v ∈
B(y, δ)∩ F(B(x, ′)). We must show that v ∈ F(B(x, )).
Let δ′ ∈ (0, δ) such that still v ∈ B(y, δ′). Since F is uniformly open on set (9), it follows
from Lemma 2 that v ∈ F(B(u,  − ′)), hence v ∈ F(B(x, )). 
All of the definitions of openness and near openness of F on a set S ⊆ X × Y make sense
even if S  graph(F ), for the definitions of both openness and near openness of F at a point
(x, y) ∈ X×Y make sense even if (x, y) /∈ graph(F ). Nevertheless, if F is nearly open at (x, y) ∈
X×Y , then (x, y) ∈ graph(F ). Such an instance appears in [10, p. 376, Convex Interior Mapping
Theorem] (see also [15, p. 104]).
The second complementary result equates uniform openness and uniform near openness on a
set with the corresponding property on the closure of that set.
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then F is uniformly open on S. If F is uniformly nearly open on S, then F is uniformly nearly
open on S.
Proof. The proofs of the two conditional statements are similar, so we present only the proof of
the latter one.
Let F be uniformly nearly open on S, and let U be an entourage on X. We have to show
that there exists an entourage V on Y such that V [y] ⊆ F(U [x]) for every (x, y) ∈ S. Let U ′
be a symmetric entourage on X such that U ′ ◦U ′ ⊆ U . By hypothesis, there exists an entourage
V ′ on Y such that V ′[y] ⊆ F(U ′[x]) for every (x, y) ∈ S. Let V be a symmetric entourage
on Y such that V ◦ V ⊆ V ′, and let (x, y) ∈ S. Then there exist p ∈ U ′[x] and q ∈ V [y] such
that (p, q) ∈ S, hence V ′[q] ⊆ F(U ′[p]). Now, V [y] ⊆ (V ◦ V )[q] and U ′[p] ⊆ (U ′ ◦ U ′)[x],
V [y] ⊆ F(U [x]). 
The third complementary result equates openness and near openness on a compact set with
the corresponding uniform property on that compact set.
Theorem 12. Let X and Y be uniform spaces, and let S ⊆ graph(F ) be a compact set. If F is
open on S, then F is uniformly open on S. If F is nearly open on S, then F is uniformly nearly
open S.
Proof. The proofs of the two conditional statements are similar, so we present only the proof of
the latter one.
Let F be nearly open S, and let U be an entourage on X. We have to show that there exists an
entourage V on Y such that v ∈ F(U [x]) for every (x, y) ∈ S and for every v ∈ V [y]. Consider
an open, symmetric entourage U ′ on X such that U ′ ◦ U ′ ⊆ U . Further, denote by Q the set of
all (x′, y′,V ′) such that (x′, y′) ∈ S, V ′ is an open entourage on Y , and
(V ′ ◦ V ′)[y′] ⊆ F (U ′[x′]).
By the near openness of F on S, for every (x′, y′) ∈ S there exists V ′ such that (x′, y′,V ′) ∈ Q.
Therefore the set family{
U ′[x′] × V ′[y′]; (x′, y′,V ′) ∈ Q}
is a covering of S. Since S is compact, it follows there exists a finite subset P ⊆ Q such that the
set family{
U ′[x′] × V ′[y′]; (x′, y′,V ′) ∈ P }
is a covering of S too. Let V = ⋂(x′,y′,V ′)∈P V ′ and note V is an entourage on Y . Now, let
(x, y) ∈ S and let v ∈ V [y]. We shall show that v ∈ F(U [x]). There exists (x′, y′,V ′) ∈ P
such that x ∈ U ′[x′] and y ∈ V ′[y′]. Since V [y] ⊆ (V ′ ◦ V ′)[y′], it follows from the near
openness inclusion above that v ∈ F(U ′[x′]). Since U ′[x′] ⊆ (U ′ ◦ U ′)[x] ⊆ U [x], it follows
v ∈ F(U [x]). 
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